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Abstract
We compare three different methodologies for simulation of turbulent flow past
a vertical axis wind turbine: (i) full resolution of the turbine blades in a Direct
Finite Element Simulation (DFS), (ii) implicit representation of the turbine
blades in a 3D Actuator Line Method (ALM), and (iii) implicit representation
of the turbine blades as sources in a Vortex Model (VM). The integrated normal
force on one blade is computed for a range of azimuthal angles, and is compared
to experimental data for the different tip speed ratios, 2.55, 3.44 and 4.09.
Keywords: vertical axis wind turbine, direct finite element simulation,
actuator line method, vortex method, FEniCS-HPC
1. Introduction
Simulation models for vertical axis wind turbines (VAWTs) can be divided
into three classes of methods. The first class is based on computational solution
of the Navier-Stokes equations, also referred to as computational fluid dynam-
ics (CFD), e.g. by a finite element method (FEM) or a finite volume method
(FVM). The second class is based on computational solution of the vorticity
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equation, referred to as vortex models. The third class of methods is based on
the momentum conservation principle, for example, the double multiple stream-
tube model.
2. Methods
In this report we focus of the CFD and vortex models. We compare one CFD
method based on full resolution of the turbine blades, Direct Finite Element
Simulation (DFS), one CFD method based on an implicit representation of the
turbine blades, Actuator Line Model (ALM), and 2D/3D vortex models (VM).
2.1. Direct Finite Element Simulation
In a Direct Finite Element Simulation (DFS) the airflow around the VAWT is
modeled by the Navier-Stokes equations. For incompressible flow, the equations
read
∂u
∂t
+ (u · ∇)u− ν∆u+∇p = f, in Ω× I,
∇ · u = 0, in Ω× I,
u(·, 0) = u0, in Ω,
(1)
where u is the velocity, p pressure and f a given body force. Ω ⊂ R3 is a spatial
domain with boundary Γ, and I = [0, T ] a time interval.
For a moving or deforming domain, we use an Arbitrary Lagrangian-Eulerian
(ALE) method [1], which is based on the introduction of a separate set of refer-
ence coordinates. Often we let these reference coordinates trace the deformation
of the finite element mesh, described by the mesh velocity β. In an ALE method,
the convection term is modified to take the mesh velocity into account, which
gives the modified Navier-Stokes equations on ALE form,
∂u
∂t
+
(
(u− β) · ∇
)
u− ν∆u+∇p = f, in Ω× I,
∇ · u = 0, in Ω× I,
u(·, 0) = u0, in Ω.
(2)
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The DFS-ALE used to discretize the flow around the VAWT [2] was de-
veloped in the framework of a Galerkin least-squares space-time finite element
method (GLS) [3], corresponding to a DFS method which can simulate both lam-
inar and turbulent flow [4] Let 0 = t0 < t1 < · · · < tN = T be a time partition
associated with the time intervals In = (t
n−1, tn] of length kn = tn − tn−1. We
denote the finite element space of continuous piecewise linear functions by Qh,
with the derived spaces Qh,0 = {q ∈ Qh : q(x) = 0, x ∈ Γ} and Vh = [Qh,0]3.
The DFS-ALE method with least-squares stabilization is stated as: For all time
intervals In, find (U
n
h , P
n
h ) ∈ Vh ×Qh such that(Unh − Un−1h
kn
+
(
(U¯nh − βh) · ∇
)
U¯nh , vh
)
+
(
ν∇U¯nh ,∇vh
)
−
(
Pnh ,∇ · vh
)
+
(
∇ · U¯nh , qh
)
+ SDδ
(
U¯nh , P
n
h ; vh, qh
)
=
(
f, vh
)
for all test functions (vh, qh) ∈ Vh×Qh, where U¯nh = U
n
h+U
n−1
h
2 , and (U
n
h , P
n
h ) is
a numerical approximation of (u, p) at t = tn, and with stabilization term
SDnδ (U¯
n
h , P
n
h ; v, q) :=
(
δ1
((
U¯nh−βh
)·∇U¯nh+∇Pnh−fn) , (U¯nh−βh)·∇vh+∇qh
)
+
(
δ2∇ · U¯nh , ∇ · vh
)
.
Here δ1 and δ2 are given stabilization parameters:
δ1 = C1
(
k−2n + |Un−1h − βh|2h−2n
)−1/2
, δ2 = C2 |Un−1h |hn.
We note that under a CFL condition, i.e kn =
Ck hn
|Un−1h −βh|
, δ1 is simplified to δ1 =
C¯1
hn
|Un−1h −βh|
. The Navier-Stokes equations are solved directly in weak forms
without using any subgrid or turbulence models. Three parameters C¯1, C2, and
Ck need to be tuned during the simulations.
The method was implemented in the FEniCS-HPC platform [5, 2, 6]. The
solver and the wind turbine data were published as an open-source package at
https://github.com/van-dang/VAWT-Cloud.
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The simulations can be performed on the Cloud using the Singularity container
technology [7] as described in the following instruction
https://github.com/van-dang/VAWT-Cloud/blob/master/README.md
2.2. Actuator Line Method
The actuator line model (ALM) is based on the classical blade element model
(BEM) theory coupled to a solver for the governing three-dimensional Navier-
Stokes equations. The ALM [8] divides the blades in lines of elements which have
a two-dimensional airfoil behavior, using tabulated lift and drag coefficients.
Using the Large Eddy Simulation (LES) approach for predicting turbulence
effects based on an incompressible fluid, we consider the filtered Navier-Stokes
equations,
∂u¯
∂t
+ (u¯ · ∇) u¯ = ∇ ·
(
(ν + νSGS)∇u¯
)
−∇p¯− f, in Ω× I,
∇ · u¯ = 0, in Ω× I,
(3)
where u¯ and p¯ are the grid-filtered velocity and pressure respectively.
The subgrid-scale eddy viscosity νSGS can be computed by the Smagorinsky
model
νSGS = (CS∆)
2(2SlkSlk)
1
2
where CS is the Smagorinsky coefficient and ∆ is the filter width, and
Sij = Sij(u) = Sij(u) =
1
2
( ∂ui
∂xj
+
∂uj
∂xi
)
The LES filtered equations can then be solved e.g. by a finite element method
or a finite volume method.
2.3. Vortex Model
A vortex model is based on discretization of the vorticity field instead of the
velocity field,
ω = ∇× u. (4)
4
Table 1: The turbine characteristics
Hub height 6 m
Swept area 32 m2
Blade airfoil NACA0021
Tapering, linear 1 m (from tip)
Tip chord length 0.15 m
Mass of blade and support arms 35.79 kg
An equation for vorticity is obtained from the NavierStokes equations by appli-
cation of the curl operator,
∂ω
∂t
+ (u · ∇)u = (ω · ∇)u+ ν∇2ω. (5)
In this report free-vortex methods are used, which means that the vorticity
elements are propagated with the flow velocity. The 2D model uses point vor-
tices and the 3D model uses vortex filaments to represent the flow. The flow
velocity is obtained from the vorticity field by solving Biot-Savart’s law at each
time-step. For more details, see [9] for more details.
3. Validation case
The three methods (DFS, ALM and VM) were validated against experimen-
tal data in the form of blade normal forces, measured from a 12kW 3-bladed
H-rotor turbine (Fig. 1b) detailed in [10, 11, 12, 2]. The turbine radius is
r = 3.24 m and the blade length is 5 m. The blades are pitched 2 degrees out-
wards with a chord length of 0.25 m at the middle of the blade. Table 1 gives
further details of the turbine.
For simplification, we assume that the turbine axis is coincident with the
z−axis and that the turbine ΩT is placed in a cylinder ΩC with radius R (Fig.
1a),
ΩC =
{
(x, y, z) ∈ R3
∣∣∣x2 + y2 ≤ R2, z ∈ [0;L]}. (6)
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(a) (b)
Figure 1: A vertical axis turbine reproduced from [11] placed in a cylinder. It is 1m high from
the cylinder bottom to model the ground effect.
We set R = 100m and L = 100m, which is large compared to the turbine
size to minnimize artificial blockage effects. For detailed studies of the blockage
effect, see [13, 14].
The turbine axis coincides with the center-line of the cylinder domain, and it
is placed 1m above the bottom of the cylinder to model the ground effect (Fig.
1b). A uniform inflow u = (1, 0, 0) is applied on a half of the computational
domain (x < 0) and p = 0 is applied on the other half to model an outflow
boundary.
Validation studies of the ALM and VM methods was reported in [15].
4. Results
First, for a deep dynamic stall regime with tip speed ratio λ = 2.55, the
experiment was performed with turbine rotational speed Ω = 49.89 rpm and
free stream velocity U∞ = 5.22 rad/s. The DFS-ALE matches almost perfectly
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the experimental data whereas the ALM and VM methods produce lower forces
between 0◦ and 100◦ (Fig. 2).
Figure 2: The normal forces for λ = 2.55. The experiment was performed with Ω = 49.89 rpm,
U∞ = 6.64 m/s.
For the nearly optimal operational value with λ = 3.44, the experiment was
performed with Ω = 64.81 rpm and U∞ = 6.39 m/s.
For λ = 4.09, the experiment was performed with Ω = 65.05 rpm and U∞ =
5.39 m/s.
7
Figure 3: The normal forces for λ = 3.44. The experiment was performed with Ω = 64.81 rpm,
U∞ = 6.39 m/s.
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